Let p be a prime number and k a finite extension of Q. It is conjectured that Iwasawa invariants λ p (k) and µ p (k) vanish for all p and totally real number fields k. Using cyclotomic units and Gauss sums, we give an effective method for computing the other Iwasawa invariants ν p (k) of certain real abelian fields. As numerical examples, we compute Iwasawa invariants associated to k = Q(
Introduction
Let p be a prime number and k a finite extension of Q. Denote by k ∞ the cyclotomic Z p -extension of k and by k n the subfield of k ∞ such that [k n : k] = p n . Let A n (k) be the p-Sylow subgroup of the ideal class group of k n and p en(k) the order of A n (k). Iwasawa proved that there are three invariants λ p (k), µ p (k) and ν p (k) such that e n (k) = λ p (k)n + µ p (k)p n + ν p (k) for all sufficiently large n (cf. [15] ).
It is conjectured that µ-invariants vanish for all p and k. In fact, Ferrero and Washington proved that µ p (k) = 0 for all p and abelian number fields k in [4] . For λ-invariants, there are many (non-totally real) number fields k with λ p (k) > 0 (cf. [7, p. 266] ). On the other hand, it is conjectured that λ p (k) = µ p (k) = 0 for all p and totally real number fields k, which is called as Greenberg's conjecture. At present, we have some numerical examples supporting this conjecture for abelian fields (e.g. [10, 12, 17, 20] ). In their methods, cyclotomic units and prime numbers are used.
In [11] , by a similar method, we verify λ p (k) = µ p (k) = 0 for p = 3, 5, 7 and quadratic fields k with small discriminants, and give an upper bound for ν p (k). However it is difficult to determine the exact value by their methods, because we need to find a p-th root of a cyclotomic unit (cf. [24, pp.420-423] ). In this paper, by using cyclotomic units, Gauss sums and prime numbers, we give an effective method for computing the exact values of ν p (k) under some technical conditions.
Using our method, we can settle the values of tables in [11] by computer calculation. Moreover we compute Iwasawa invariants associated to k = Q( √ f , ζ p + ζ −1 p ) in the range 1 < f < 200 and 5 ≤ p < 10000, where f is the discriminant of a real quadratic field. We can obtain some examples such that λ p (k) = µ p (k) = 0 and ν p (k) > 0 for large primes p. The number of such cases seems to follow the deduction in [24, pp.158-159 ].
Result

General case
We fix an inclusion map Q ֒→ Q p , where F is the algebraic closure of a field F . Further we fix a primitive n-th root of unity ζ n so that ζ m nm = ζ n for all m, n ≥ 1. Let p be an odd prime number and f 0 an integer such that p|f 0 and p 2 ∤ f 0 . Let K be a subfield of Q(ζ f 0 ) containing ζ p whose conductor is f 0 . For simplicity, we assume the following condition:
Let Φ be a Q p -valued character of ∆ which is irreducible over Q p . Put
the idempotent of the group ring Q p [∆]. This is an element of Z p [∆] by (C1). Let φ be an irreducible component of Φ over Q p . We say Φ is even (resp. odd) when φ(ρ) = 1 (resp. φ(ρ) = −1), where ρ is the complex conjugate in ∆. Let O φ be the subring of Q p generated by all φ(δ) (δ ∈ ∆) over Z p . We identify e Φ Z p [∆] with O φ by δ → φ(δ).
We fix a topological generator γ 0 of Γ such that ζ 
where the inverse limit is taken with respect to relative norm maps. Then X ∞ (Φ) is regarded as a Λ-module in the above way. We can define e n (Φ), λ p (Φ), µ p (Φ) and ν p (Φ) for A n (Φ) and X ∞ (Φ). Let k be a subfield of K and φ(δ) = 1 for any δ ∈ Gal(K/k). Then, since p does not divide
From now on, let Ψ be a non-trivial even Q p -valued character of ∆ which is irreducible over Q p and ψ its fixed irreducible component of Ψ over Q p . Put Ψ * = Ψ −1 ω and ψ
Let L p (s, ψ) be the p-adic L-function associated to ψ which is constructed in [18] . By [14, §6] , there uniquely exists
In [4] , it is shown that π does not divide G Ψ (T ). Therefore, by the p-adic Weierstrass preparation theorem, we can uniquely write
In a similar way, we can define For a non-negative integer n, we denote by p an (resp. p a * n ) the exponent of Λ/(ω n , g Ψ (T )) (resp. Λ/(ω n , g Ψ * (T ))), where ω n = (1 + T ) p n − 1. Since Leopoldt's conjecture holds for K n and p ( [1, 2] ), we have a n < ∞. Further we have a * n < ∞ by (C2). Let e Ψ,n (resp. e Ψ * ,n ) be an element of Z [∆] such that e Ψ,n ≡ e Ψ mod p an (resp. e Ψ * ,n ≡ e Ψ * mod p a * n ) and the sum of all the coefficients is zero. Put N = N (n) = max{n, a n − 1} and
In [10] , we define the following polynomials
In a similar way, we define X *
We define a cyclotomic unit c n of K n by
LetÕ N be the ring of integers of Q(ζ f N ) andL a prime ideal of Q(ζ f N ) withL ∤ f N which is lying above a prime number l. Denote by χÄ the character of (Õ N /L)
× with values in ζ f N , defined by the following congruence:
We define a Gauss sum g
i , whereL i is a prime ideal of Q(ζ f N ) lying above l i . We define a Gauss sum
where
. We define the following maps:
We fix a prime ideal L i |l i for each i and put
Theorem 1. Assume (C1) and (C2). Then
Proof. Let K n,Èn be the completion of K n at P n |p and U Èn the group of principal units of K n,Èn . Put U n = Èn|p U Èn . Let d n be the diagonal map:
We denote by E n the group of units of K n and by C n the group of cyclotomic units of K n in the sense of [6] . Put
where A is the topological closure in U n . By (C2) and [6, Theorem 2], we have the following Λ-isomorphisms:
By the Iwasawa main conjecture proved in [8, 21, 25] , we have
We will show that the surjective map:
Denote by τ the canonical isomorphism:
By Stickelberger's theorem ([22, Proposition 3.1]), for any sufficiently large m, there exists g
We here have
, where Φ runs over every Q pvalued character of ∆ which is irreducible over Q p . We denote by
Then, by Stickelberger's theorem, we have σ g Ψ * (T )
Ä i = 1. Let us consider the following map:
. By the proposition below,
for some integer q such that p ∤ q. By the class field theory, we have
p an . Therefore the above assertion follows.
By (C2), we have
. By Nakayama's lemma, we have ω m X ∞ (Ψ) = 0. Therefore A n (Ψ) ≃ X ∞ (Ψ) for n ≥ m and the last assertion follows.
Proof. We here have
By Nakayama's lemma,
By the Chebotarev density theorem, the assertion follows.
Special case
We explain how to use the criterion in practice. Following [11] , we consider the following case.
(D1) The exponent of Gal(K/Q) divides p − 1.
(D2) ψ(p) = 1 and ψ * (p) = 1.
By (D1), the values of ψ are contained in Z p and Ψ = ψ. Put α * = f 0 − α 1 + α ∈ pZ p , e = v p (α) and e * = v p (α * ), where v p is the p-adic valuation such that v p (p) = 1. Then we have a n = n + e, a * n = n + e * , N = N (n) = n + e − 1, N * = N * (N ) = N + e * − 1 = n + e + e * − 2 and 0 ≤ e n (ψ) ≤ n + e. Further
where u = p
be a prime ideal of K N (resp. K N * ) of degree 1 lying above a prime number l (resp. l * ). Put
By (D3), we have σ 
In this case, we can write Theorem 1 as follows. 
(G ′ 0,l )| = p e * for some l * e * −1 which splits completely in K e * −1 /Q, then the equality holds. If |A m (ψ)| = p m+e−1 for some m, then λ p (ψ) = µ p (ψ) = 0 and ν p (ψ) = m + e − 1.
Computation of Gauss sums modulo prime ideals
Let l (resp. l * ) be a prime number such that l ≡ 1 mod f N (resp. l * ≡ 1 mod f N l), and g (resp. g * ) a primitive root in Z/lZ (resp. Z/l * Z). Let s (resp. t) be an integer satisfying s ≡ g * (
We write
Then, by the definition of Y *
In order to compute the above sums, it suffices to compute the following discrete Fourier transforms:
by the famous algorithm of cyclic convolution, we can effectively compute Gauss sums modulo prime ideals (cf. [16, 6.4] ).
There are another computations to find a p-th root of a cyclotomic unit in [5] and [17] . These computations become much more difficult as the extension degree of the field containing the cyclotomic unit is higher. It is necessary to do the computations with extremely accurate approximations of cyclotomic units.
4 Numerical examples
Let p be an odd prime number and k the real quadratic field whose discriminant is f. Let ϕ f be the non-trivial Dirichlet character associated to
A n (K)(ϕ f ) by [13] . The following examples satisfy (D1)-(D3) for p = 3. f = 29. By computation, we have α ≡ 18 mod p 3 , e = 2, α * ≡ 15 mod p 3 , e * = 1.
Therefore we obtain e 0 = e 1 = e 2 = ... ≤ (=)0 and
In this case, we don't need to calculate a Gauss sum. e n = n+1 for n ≤ 4, e n = 5 for n ≥ 5, λ p (k) = µ p (k) = 0 and ν p (k) = 5.
By the above procedure, we can settle the value in [11] .
Q(
. By computer calculation, this conjecture is verified for p < 12000000 ( [3] ). We here replace Q with Q( √ f ) and consider Iwasawa invari-
, where f is the discriminant of a real quadratic field.
In the range 1 < f < 200, 5 ≤ p < 10000 and 2 ≤ 2i ≤ p − 3, there are 171981262 pairs of (ϕ f ω 2i , p) which satisfy (D1) and (D2). Among them, there are 37140 pairs withλ p (ϕ f ω 2i ) = 1, 46 pairs withλ p (ϕ f ω 2i ) = 2, and two pairs withλ p (ϕ f ω 2i ) = 3. We verified Greenberg's conjecture λ p (ϕ f ω 2i ) = µ p (ϕ f ω 2i ) = 0 for each of them by the method in [10] . Except for (ϕ 177 ω 6 , 17), we verified it by using cyclotomic units of k 0 or k 1 . For (ϕ 177 ω 6 , 17), we used cyclotomic units of k 2 to verify it. In the range above, there are 38 pairs which don't satisfy (D2). We also verified the conjecture for each of them.
Proposition 2. λ p (ϕ f ω 2i ) = µ p (ϕ f ω 2i ) = 0 for all 1 < f < 200, 5 ≤ p < 10000 and 2 ≤ 2i ≤ p − 3.
In the following tables, we give lists of (f, p, 2i) such thatλ p (ϕ f ω 2i ) = 1 and ν p (ϕ f ω 2i ) > 0 (v p (α) = e > 1 or v p (α * ) = e * > 1) orλ p (ϕ f ω 2i ) = 2, 3.
Let us apply this to our examples with x 0 = 37 and x 1 = 10000. Since the number of f's is 60, there should be about 60 × 0.44645 · ·· 'exceptions'. Our lists seem to support the deduction. For f = 1 (i.e. ψ = ψ 0 ), the numerators of Bernoulli numbers B 2i are relatively small. We had better take this fact into consideration. By calculating their numerators, we easily see that there is no example such that A 0 (ω 2i ) = {0} for i = 1, 2, 3, 4, 5 and 7. Further there is no example such that A 0 (ω 2i ) = {0} for i = p−3 2 (see [19, 23] ). Therefore, excluding these i's, we can deduce that 'the number of exceptions' to Vandiver's conjecture for 37 ≤ p ≤ q (q ′ ) may be smaller than E in the following (resp. q ′ ) is the first prime (resp. integer) with E 1 (p) > E (resp. E 2 (n) > E).
